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operator
(a) Table based
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01 or
11
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(x+y+1) mod m
01
n+1 bits
n+1 bits
(k)
n+1 bits
n bits
n+1 bits
(x+y+1) mod m
(numbers in normal representation)
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(xy)m = ((xy) 2j + 2j · (xy) 2j)m
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((xy) 2j − (m − 2j) · (xy) 2j)m  m > 2j ,
((xy) 2j + (2j − m) · (xy) 2j)m  m < 2j
=
{
((xy) 2j + (−(m − 2j) · (xy) 2j)m)m  m > 2j ,
((xy) 2j + ((2j − m) · (xy) 2j)m)m  m < 2j .
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 0 ≤ p0 + p1 ≤ 2m − 2!  &    
 "   m  
  
  5 :!
• 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(xy)m =
{
p0 + p1  p0 + p1 < m,
p0 + p1 − m  m ≤ p0 + p1 < 2m.
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 2j + m − 2 < 2m% "   2j ≤ m + 1! 4 m < 2j % B0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(xy)m =

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p0 + p1  p0 + p1 < m,
p0 + p1 − m  m ≤ p0 + p1 < 2m,
p0 + p1 − 2m  p0 + p1 ≥ 2m.
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(a) Table based
operator
(b) Multiplication with subsequent modulo correction
(x*y) mod m
(c) Multiplication with subsequent modulo correction
(m>2  )j (m<2  )j
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  (x + y + 1) (2n + 1) " 0 ≤ x, y ≤ 2n! 
  %  
 
 0 ≤ x + y ≤ 2n+1 
(x + y + 1) (2n + 1) =
{
x + y + 1  x + y < 2n,
x + y − 2n  x + y ≥ 2n.
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  
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•  x + y = 2n+1 5!! x = y = 2n:% "  (x + y) 2n = 0% sn = 0%  sn+1 = 1!    

(x + y + 1) (2n + 1) = 2n = x + y − 2n% " 
   
!
•  2n ≤ x+y < 2n+1% " #"  sn+1 = 0  sn = 1! ,
0% (x+y+1) (2n+1) = (x+y) 2n =
x + y − 2n!
• %  0 ≤ x+y < 2n% sn+1 = sn = 0  (x+y) 2n = x+y! +  (x+y+1) (2n+1) = x+y+1!
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  −2q 5 (2n + 1):%
" $
(2jx − 1) (2n + 1) = (2jξ + 2j − 1) (2n + 1)
=

n−1−j∑
i=0
ξi2i+j +
n−1∑
i=n−j
ξi2i+j + 2j − 1

  (2n + 1)
=

n−1−j∑
i=0
ξi2i+j −
n−1∑
i=n−j
ξi2i+j−n + 2j − 1

  (2n + 1)
=

n−1−j∑
i=0
ξi2i+j +
n−1∑
i=n−j
ξ̄i2i+j−n

  (2n + 1), 53:

(−2jx − 1) (2n + 1) = (−2jξ − 2j − 1) (2n + 1)
=

− n−1−j∑
i=0
ξi2i+j −
n−1∑
i=n−j
ξi2i+j − 2j − 1

  (2n + 1)
=

− n−1−j∑
i=0
ξi2i+j +
n−1∑
i=n−j
ξi2i+j−n + 2n − 2j

  (2n + 1)
=

n−1−j∑
i=0
ξ̄i2i+j +
n−1∑
i=n−j
ξi2i+j−n

  (2n + 1). 53:
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  x = 0  
(2jx − 1) (2n + 1) = (2j · 2n + 2j − 1) (2n + 1) = (−2j + 2j − 1) (2n + 1) = 2n,

(−2jx − 1) (2n + 1) = (−2j · 2n − 2j − 1) (2n + 1) = (2j − 2j − 1) (2n + 1) = 2n.
   #$	   
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 x, y ∈ Z∗2n+1
    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  (2n + 1)! 4 (Z∗2n+1, ·) 
  % " #"  p ∈ {a ∈ Z2n+1 |
gcd(a, 2n + 1) = 1} 5
 p = 0  p = 2n + 1:! %  
 a + b + 2 
     2n + 1 
(a + b + 2) (2n + 1) =


a + b + 2  1 < a + b + 1 ≤ 2n − 2,
0  a + b + 1 = 2n − 1  a + b + 1 = 2n+1 50 
 2n:,
a + b + 1 − 2n  2n < a + b + 1 < 2n+1.
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& s = sn+1sn . . . s0 
  s = a + b + 1!
•  0 < s = a + b + 1 ≤ 2n − 2% "  sn+1 = sn = 0  (
∑n−1
i=0 si2
i + sn+1 ∨ sn) 2n =
∑n−1
i=0 si2
i + 1 =
a + b + 2!
3  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•  s = a + b + 1 = 2n − 1% "   sn+1 = sn = 0  (
∑n−1
i=0 si2
i + sn+1 ∨ sn) 2n = 2n 2n = 0!
+ s = a + b + 1 = 2n+1%  
 
&  sn+1 
 0  1  si = 0% ∀i ∈ {0, . . . , n}!  

   0 " 
 2n!
• %  2n < s = a+b+1 < 2n+1% sn+1 = 0% sn = 1%  (
∑n−1
i=0 si2
i+sn+1 ∨ sn) 2n = (
∑n−1
i=0 si2
i) 2n =
s − 2n% " 
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